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P~TA 
NUCLEATION OF SUPERCOOLED WATER VAPOR 
BY SILVER IODIDE SMOKES 
1, lntroduction 
Lt was observed by B, Vonnegut that introduction of 
silver iodide smokes into a cloud of supercooled water drople s 
(I) 
led to tne formation of large numbers of ice crystals, It is 
known tnat heterophase fluctuations, leading to formation of 
stable fragments of the new phase, in supersaturated systems 
(1) 
(2.) 
are responsible for the phenomenon of "spontaneous nucleatio '! 
The degree of supersaturation necessary to produce this 
condition in clouds of supercooled water droplets is, however 
muon greater than that necessary for nucleation by silver 
iodide smokes, '.i.'his high specificity was found to be exhibit 
ed only oy silver iodide and only when the material was in th 
l1) form of very small particles, such as are found in a smoke, 
ASsociated with this hign degree of specificity, there 
d • 0 lt 0 1 U h (4) - · r was observe a cur1ous tLme ag p enomenon, When the seed-
ing process was such as to lead to spontaneous nucleation, 
the ice shower resulting was found to last approximately 
ten minutes, J.nore than fifty minutes after seeding with a 
silver iodide smoke, ice particles were still observed, 
• Ln an attempt to explain both the high specificity of 
silver iodide a::l a nucleating agent, for clouds of super-
cooled water droplets, and the associated ;, time lagn , 
d h 11 . 1 . ( S") 1 vonnegut propose t e fo ow1ng exp anat1on, ~rom crysta 
structure data it is found that the hexagonal modification 
of silver iodide and ice, also an hexagonal crystal, have 
(") 
essentiall y the sruue crystal lattice parameters, This close 
iimilarity in crystal structure is sufficient to enable the 
silver iodide :particles to utricku the water vapor into 
condensing (or subliming] onto their surfaces., leading to 
the formation of ice :particles. The ntime lag:l is the 
result of an orientational specificity such that only when 
t he water molecules are in some :preferred orientation, 
relative to the surface of a silver iodide :particle, can 
the transition occur. 1'his orientational effect could only 
be a random occurence and hence a ~· time lagtw would result 
in tne nuc~e-ti6n-~ 
.n..n alterna.ti•.re explana tion wus tnat silver iodide wa s 
( 1) 
merel y a "l'reezing nucleus". In some unx11own way, collision 
b et ·m:~en 'Ghe silver iodide :purticle and a droplet of super-
cooled ili ~guid waterwould cause the droplet to freeze. No 
detailed explanation for the mechanism of the process was 
offered. 
lt was the :purpose of the experimental investigation 
undertaken to determine whether or not the transition could 
be effected by silver iodide smokes in the absence of cloud 
droplets,i.e. in the presence of water vapor alone. Due to 
experimental difficulties., the "time lag" 11phenomenonccould 
not be studied. It has been treated theoretically, however, 
H R 
• (9) by • el.ss. 
2. Experimental 
A mixture of water vapor and silver iodide smoke, 
carried by nitrogen, was supercooled by passage through a 
very sharp, negative temperature gradient. 'lihe flowing 
l2) 
mixture was examined during the cooling process , with an 
intense light source, to determine, by means of light 
scattering, the presence or absence of ice particles. 
·.1·he essential part of the apparatus is sho·wn in Figure 
1. It consists of a condenser, mounted vertically, through 
wnicn a refrigerant, trichloroethylene, was circulated. The 
coolant, kept in a thermostated freezer unit, was of suff icieat 
volume to maintain below zero temperatures in the column for 
appreciable periods of time. Avacuum jacket surrounds the 
apparatus to prevent fogging of the condenser jacket \due to 
condensation of atmospneric moisture on the cold surface) 
which would obscure the observers vision, and also serves to 
minimize heat exchange with the atmosphere. 
The water vapor - silver iodide mixture entered the colu~ 
at room temperature and was rapidly cooled as it ·passed up 
through the condenser. Diffusion of water vapor toward the 
w~\ u~"o1lu~~\e' 
wall of the condenser,~especially at the bottom, since the 
walls were cooler than the vapor mixture. ~uantitative studie~ 
were rendered impossible because the water vapor concentratio~ 
( 3) 
in the column was unknown as a result of the heavy condensati n 
at the base. This did not, however, interfere with the resolu ion 
o-f the question concerning whether or not silver iodide is 
able to serve as a condensation \or sublimation) nucleus for 
supercooled water vapor. 
The nitrogen used in these experiments was npurified" 
in the sense that foreign particles and condensable vapors 
were removed. Their presence would be objectionable inasmuch 
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t C\) 
as they could, and do, serve as nuclei for the transition. 
Tne purification system is shown in .tr igure 2. Oil-
pumped nitrogen was passed through a long, glass-wool filter 
and then through an ultra-fine sintered glass disk to remove 
foreign particles. The oil, and any other condensable vapors 
were removed, subsequently, by passage through a series of 
cold traps maintained at -70° C by a mixture of dry ice and 
trichloroethylene. 
Although the experiments were only qucili~a~ive in natur~ , 
it was desirable to keep the water vapor concentration of th) 
gas entering the column at some low, constant value. This wal 
accomplished oy equilibrating the filtered, dry nitrogen 
0 
wi~h distilled water maintained at o.o C.The ni~rogen was 
( 4) 
passed over the surface of the water rather than bubbled thrcugh 
the water, in order to eliminate the possibility of entrainiig 
water droplets in the flowing gas straam. The particular 
arrangement tsee Figure 3) was such that saturation at o.oc 
could be obtained with a flow rate of one-half liter per 
minute.* 
Silver iodide smokes were prepared by vaporizing silver 
iodide from a cnromel resistance wire(R~ 6 ohms) which had 
been dipped into the mol.ten salt. The generator is shown in 
Figure 3. 
Vaporization of the silver iodide was controlled by 
means of a variable transformer.Increased current, equivalent 
to an increased temperature, caused production of smokes of 
larger average particle size. No determinations of actual 
* See Appendix 1 
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particle size were made since the experiments WEre only 
qualitative in nature. 
The silver iodide was prepared by precipitation from 
an ammoniacal solution of ammonium iodide and silver nitrate 
(10\ 
wasned witn distilled water, and dried. 
The entire system was arranged so that either "purified 
dry nitrogen, moist npurified" nitrogen, or the nitrogen-
silver i iodide-water vapor mixture could be passed through 
the condenser separately, without interrupting the gas flow 
~see Figure .) • This prevented atmospheric contamination. 
Tne actual experimental procedure was to clean the 
condenser with cnromic acid cleaning solution, rinse it 
thoroughly with distilled water, and dry it by means of a 
stream of dry "purified" nitrogen. After thorough drying, 
the vacuum jacket was evacuated and tne refrigerant 
circulated througn the condenser. The particular mixture to 
be studied was then passed through the condenser. Af'ter any 
given mixture was blown through, nitrogen was used to remove 
the remaining water or silver iodide. 
3. Uiscussion and Results 
In the absence of silver iodide, and barring spontaneou 
nucleation, the only place in the column where vapor could 
condense to form ice was on the wall of the column itself. 
If silver iodide was present, and could serve as a specific, 
condensation\or sublimation) nucleus, preferential condensat~on 
of the water vapor on the silver iodide particles would occu 
t 5) 
co 
inasmuch as they were more readily available within the 
mixture, as a condensing surface, than the wall of the eo · 
condenser. This was especially so in the middle of the 
condenser. 
uoncerning the possibility of spontaneous nucleation 
within the column, it should be pointed out that such a 
process would lead to the formation ot· supercooled liquid 
droplets which would also appear in the absence of silver 
~odide. Furthermore, the presence of ice particles in the 
flowing stream is readily detectable by their characteristi 
scintillations when viewed at right angles to:·;an intense 
light beam; the light scattered from a moving liquid 
aerosol does not exhibit this scintillatory character. 
{.)I) 
Finally, it has been shown that before such a liquid aeroso 
<I 
can freeze, it must be cooled to at least - 39 C. By never 
allowing the coolant to reach this minimum temperature, 
the possibility of spontaneous freezing can be eliminated. 
It was observed that for a given generator voltage* 
~which determines the average particle .size in the smoke) 
and a flow rate of one-half liter per minute, the mixture 
of nitrogen and water vapor alone led only to heavy wall 
condensation, at a coolant temperature of-19.5° 0 , while 
introduction of the sil ve'r iodide smoke mixture, under 
identical conditions, led to the formation of large numbers 
of ice crystals. This phenomenon could be repeated many tim s 
over, in fairly rapid sucession, provided only that the 
smoke and water vapor wEre olovm out each time with dry 
~ See Appendix 2. 
(6} 
nitrogen. In time, however, the wall became so heavily coate 
with ice and ice particles,that the flowing stream was able 
to remove some of these particles. In an attempt to minimize 
this effect, an anti-wetting agent, G.E."Drifilmi' ,was applie 
to the inside of the condenser but, at best, this had little 
effect. 
To compare the effectiveness of ordinary atmospheric 
nuclei with that ~ of the silver iodide smokes, in causing the 
nucleation of supercooled water vapor, the nighest temperat 
\of coolant) at whicn silver iodide smokes were able to 
produce ice crystals was determined. Unfiltered air under 
identical conditions of water vapor concentration and flow 
rate, was found no't to be effective until the coolant 
0 temperature had been lowered some 5 c. Even then,only a 
liquid aerosol was formed. 
4. Conclusions 
It has been defini'tely established tnat the presence 
of supercooled liquid water is not required to enable silver 
iodide to exnibit it 1 s specific nucleating ability. The super 
cooled vapor, alone, is sufficient. 
The question which arises from consideration of the 
detailed mechanism of the process- whether the water vapor 
first condenses upon the silver iodide particle, forming a 
liquid droplet which is induced to freeze by the presence 
of the particle, or whether the process is one of direct 
evaporation-sublimation of water vapor onto the surface of 
.t 7) 
..... .. 
the particle, as ice, cannot be definitely answered on the 
basis of these experiments. 
Tne experimental results · do, however, point to the 
evaporation-sublimation hypothesis as being the most reason-
able. Tne fact that only silver iodide, whose crystal structu~e 
is very nearly that of iee,is able to serve as such a specifi 
nucleus for the transition, leads one to the conclusion that 
the interact&on is determined by the solid phases of the 
materials. This is supported by the fact that atmospharic 
nuclei require a lower temperature \and a subsequent increase 
in the supercooling of the vapor) than silver iodide for a 
transition to occur. The atmospheric nuclei cause a liquid 
aerosol to form while silver iodide leads to an aerosol of 
ice particles. ~his can be explained by the evaporation-
oublimation hypothesis by noting that for a transition, eithe 
vapor to liquid or vapor to solid, to occur, a certain ratio, 
(\2.) 
the critical supersaturation ratio, must be reached. This 
ratio is defined as the ratio of the partial pressure of the 
vapor,at the temperature in question, to that of the phase to 
whicn the vapor is transformea, at the same temperature. At 
any given temperature, below zero, the partial pressure of ic~ 
. (m 
is lower than that of water \supercooled} and therefore the 
supersaturation ratio tor the transition vapor to ice is 
higner than that for the transition vapor to liquid. If the 
critical supersaturation ratios for the two processesare very 
similar, the critical ratio for the transition vapor to ice 
will be reached at a nigher temperature tnan the ~ ·the s~we 
l8) 
ratio for tne transition vapor to liquid. The assumption of 
the similarity in critical supersaturation ratios leads 
directly to the conclusion that silver iodide should serve 
as a nucleus for the transition at higher temperatures than 
ordinary nuclei and this is precisely wnat is found. 
\9) 
PART B 
INNER ELECTRON DISTRIBUTIONS IN HOMONUCLEAR 
DIATOMIC MOLECULES 
1. Introduction 
Insofar as Q,uantum lv.iechanics is correct, in :principle at 
least, all :problems of atomic and molecular structure may be 
1 d tl l\4) I t . 1 . . so ve exac Y• n :prac ~ce, no :proo em ~nvolv~ng more than 
(/() 
two interacting :par-i.li.::.les may be exactly solved. For this 
(10) 
reason, solutions to problems of chemical and physical intere 
are, inggeneral, approximations. The validity of the assum:pti ·ns 
leading to these approximations can be measured only by a 
comparison of calculation with experiment. 
'.l'ne :problem of t11e calculation of the properties of the 
chemical bond nas been attacked by means of approximations 
wnich involve neglect of inner shell electrons-those beneath 
(I (e) 
the so-called "valence snell". Physically, tnis is equivalent 
to assuming that tne electron distribution of an atom ttA", 
wnicn is bonded to an atom "'B"", is only affected by the 
presence of atom "B"' (at the interatomic bond distance) to th -
extent of its valence shell and that the electrons beneath th ·Is 
valence shell are in no way involved in the formation of the 
bond. Tnat this assumption is invalid, at least for light ate 
has been snown by James in his calculation of the binding 
(\1) 
energy of the Li2 molecule. Neglect of the inner shell electr 
led to a very serious error in the calculated value of the 
binding energy in this molecule. 
It is of importance then, to determine the extent of the 
:perturbation, at least to within an order of magnitude, of on 
atom upon the inner shell electrons of another atom to which 
it is bonded. Consideration of the electron distributions in 
sucn a bonding system should furnish "the desired information. 
By employing the statistical method of Fermi and ThomaJ1g) 
for the calcula"tion of electron distributions lsee Section 2) 
tUle:b.e .i_wasderived an expression for -cne electron distribution 
b d . f . 1 d . t . 1 1 (\q) 1" d on ~ne on . ax~s o a nomonuc ear ~a om~c mo ecu e, va ~ 
for ~ne region be"tween the nuclei but invalid close to either 
nucleus. Qualitative considerations of the asymmetry of the 
electron distributions in such moleculeslsee Section 3) led 
lll) 
to tne belief that the expression derived for the region betw n 
tne nuclei, and valid in this region, could be matched to tne 
ll<l) 
expression valid in tne region of either nucleus- that of the 
isolated a-com as derived by fermi and Thomas. 
It was the object of the calculation undertaken to 
att~npt to determine the point at which the expressions 
matcned most closely and from this to obtain some idea as to 
the magnitude of the perturbation described above. 
2. The Fermi Thomas Atord1\l) 
The Fenni Thomas statistical method is based upon the 
assumption tnat the electrons in an atom may be considered to 
form a completely degenerate electron gas, obeying Eermi-Dirac 
statis-cics. 
For such a gas, tne number density of particles at a poin 
. nf . t . . . b ( l.l) ~n co ~gura ~on space, n, 1s g~ven T 
n = ~ \t (l.m \}yil(~~)-(.-~ji:L \ 1.) 
where m-: mass of the electron, -e ~electronic charge 
V::::::po"f<ential at the point, h =Planck's constant 
From classical electrostatics, the relation between the 
po~en~ial, V, and cnarge density,~ ,\equal to number density 
multiplied by the charge per particle) is given by Poisson's 
(;l.'l~ 
equation 
{2) 
For electrons, this takes the. form 
\f-2.. V .:: - -4. Tr(.-~e_') = 'iTI\1\e. \3) 
Substitution of (1) into {3) yields 
-q:l. V: ~:ne ( i;1r)l'l""'~ Vj11. (t~) = ot.V·36. (4) 
~ntegration of tnis differential equation, subject to 
the proper boundary condi~ions {see Section 6), would yield 
an expression for tne potential from which the electron 
distribution could be calculated. Since the equation is non-
linear, a numerical solution is required. 
I~ is of interest to derive the expression for the 
(~·n 
number density,n, (or the charge density, e '). 
Consider an assembly of free electrons in the six-
dimensional phase space whose mutually orthogonal axes are 
the coordinates and momenta of the electrons. Each point in t~ 
this space obviously defines, precisely, a set of coordinate~ 
and momenta which, in turn, yield the complete classical 
description of the state of the system- in this case, the 
electron. 'I'he Heisenberg principle, however, forbids this 
precise knowledge of the state of the system and it has been 
shown that to each quantum state of the electron, not counting 
spin, there corresponds a volume, n3 , in the classical phase 
space. The Pauli principle demands that no more than two 
electrons occupy the same quantum state \not counting spin) 
~12) 
and tnese mus~ nave opposite spins. Thus, the maximum number 
densit y for electrons in classical phase space is given by 
3 
2/11 • 
In general, si~ce the axes of phase space are orthogonal, 
( 5) 
wnere nc is the number density in configuration space, ~ 
·and n referring to the same quantity in momentum and phase p 
space; respectively. 
This may also be writ~en in the form 
(\'- = \ \ ~ {)\' ~ ~~~it t 6) 
wnere dpxdpydPz is an element of volume in momentum space. 
Assume, now, tha~ the assemoly of .free electrons under 
goes a condensation in phase space to its lowest energy 
level. There exists, however, a maximum density in phase 
space such that only two electrons can occupy the very low-
est energy level. The others must occupy higher levels. 
Hence, from { 6) 
fl c~~K ~ ~ ~ \~ ~~ ~)l ~~ ~e = ~3 ~ )) ~.~ ~'1 ~ ~ ( 7 ) 
Tne triple integral in (7) is the volume of momentum 
space occupied by the electrons when they have their max-
imum density in pnase space. Since only two electrons can 
occupy the lowest energy level, a maximum energy for tne 
assembly wiLL exist wnen the maximum density in phase s pace 
is reached • 
. The energy of the system, in the absence of a potentia] 
field, is given by 
(13) 
( 8) 
This defines a sphere of radius equal to ~ 2mT in 
momentum space and hence the ~riple integral in l7), the 
volume of ~ne spnere when the electrons are in their lowest 
energy levels, is given by 1 n- ( 2W\rr ~~ \}1'2_ ( 9) 
where Tm is tne maximum kinetic energy of the electron in 
tne nignest permissible quantum state consistent with a 
maximum density in phase space. 
Tne maximum number density in configuration space is 
then given by 
f\<&~, ~~ (\n) ( 1.."" '~'-"" )11>- nol 
Consider an electron in the field of an atomic nucleus. 
At any point, the total energy of the system is 
c =- 1\1 t ? . =- ''V + (:- e.\T) lll) 
where T'= Kinetic energy, P =potential energy, V-::.potential 
at tne point, ..:..e =.electronic charge. By definition, the 
poten~ial energy of tne system is zero when the electron 
and the nucleus are far apart. When they are close, the 
poten~ial energy is less than zero. If, at any point, tne 
to~al energy of tne electron is negative, it is a bound 
electron since ~he potential energy is then greater than 
the kinetic energy at tha~ point. It is therefore apparen~ 
that an upper limit exis~s on ~he kinetic energy of the 
system; i~ can never exceed ~he ~ energy at the point. 
Hence it follows that 
ll4) 
r-r~v.. = Q_ v ( 12) 
Equ~~ion (10} is an expression derived for e1ec~rons 
in a field-free space and if tne assumption is made that it 
·will be approximately valid in the presence of a field, 
substitution of \12} into (10) yields 
{\~~~ ~ ~ ( 4tr )( lVIt\e \JJ'1~ 
an expression identical with tl)~ 
Tne Fermi-Tnomas atom is based upon several assumptions 
The assignment of a maximum density in configuration space 
is not strictly valid, especially in the outer reaches of tn 
atoml~)t,hough in heavier atoms, this should be less in error. 
3 ~ne association of the volume of classical phase space, h , 
witn ~ne quantum state, has only be&n shown to be strictly 
( 2S) 
true for high quantum numbers(high energy statesT. These 
approximations are reflected in the fact that equation (1), 
derived from consideration of the :lrermi-Dirac statistical 
distribution, is only a first approximatio~;i:l) 
The use of Poisson'a equation, derived from classical 
electrostatics, may alscb be subject to question. The fact 
remains, however, thatthis treatment gives reasonable resultl .)) 
and has the great advantage of simplicity compared to quant 
mechanically more exact, but mathematically, far more tediou , 
methods. The method, be:i.~~ statistical in nature, yields onl l 
an average pot~ntial but is sufficient for an order of ruag-
6_,) 
nitude calculation. 
~.o\v~~ 
The equation, l4}, has been numerically,for the case of 
"' 
the • (2.~). d. • 1solated atom, 1n a 1mens1onless form, and we shall 
ma 
{15) 
;/3, Asymmetry In Diatomic Molecules 
Consider a diatomic molecule AB. For the isolated atoms, 
A and B, the distribution• ·of electrons is spherically 
symmetric with respect to tne radius vector originating at th 
nucleus, If the two atoms were placed side by side, within 
the internuclear distance, R, of the diatomic molecule, the 
electron distribution would not be merely a superposition of 
that of the isolated atoms. Very close to either nucleus, it 
is true that the distribution should be essentially that of 
the isolated atom, spherically symmetric, but at points 
further Bemoved, especially along the bond axis, the perturbi g 
effect of the other atom should distort the spherical symmetr • 
The effect should be-. most J;>ronnunced along tl1e 'bond axis, 
merely because this is the axis of closest possible approach 
of the two nuclei, 
At some point along the bond axis, then, the spherically 
symmetric distribution will break down and be replaced by 
some other distribution, asymmetric with respect to the radiu 
vector originating at the nucleus. The position of this p&int 
beyond which the electron distribution is seriously perturbed 
by the other atom involved in the bond, is then a measure of 
the perturbation involved in the bonding process. 
4. The Homonuclear Diatomic Molecule 
For the case of the isolated atom, the potential field 
is spherically symmetric aoout the nucleus. ~quation (4) 
f 
b.O.) 
takes the orm 
\f)_ v- :: (13) 
or 
{14} 
For a diatomic molecule, the Laplacian operator is 
expressed most conveniently in terms of a coordinate system 
defined by a family of confocal hyperbols.iS. ::i. ;:> and ellipse·ti.<l:3 , 
(3o') 
together with an angle of revolution. The foci are the two 
nuclei, A and B, separated by the interatomic distance, R, 
(see Figure ,S). 
The hyperbolas are defined by the relation 
t=- \o...-:- \~o \-b\ Ll ~15) 
R-
and the ellipses are defined by 
S = ro...+ \~ I ~ S ~ ao \16) 
R. 
Together with an angle of revolution,€7,the intersection 
of a given ellipse with a given hyperbola obviously defines 
a point in space. 
In this coordinate system, the Laplacian operator has 
the form(?,\) 
0. c_sl-*:1-) ti~) ~4-· +2s a~ +(\-t)~~- 2-t-'* ~ ?::: t2 ~ J \17) 
c . (5.-z.-l) LI-t?-) c.> ef . 
Substitution of \17) into (4) yields the desired 
differential equation. It is a non-linear, partial 
differential equation, the numerical solution of which is 
difficult. 
Oonsider the region defined by 
\].8) 
It is represented in .if igure 5 by the broken line rectangle. 
Physically, it is a region close to the bond axis, away fro 
the nuclei. 
(17) 
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Since the diatomic molecule is cylindrically symmEtric, 
~'l.\J 
tne angular dependence of the potential,~~~, must be zero. 
·~ 0 
ll8) 
If the coefficient of this term,&-,{~~\ does not become infinite, 
the last term in \1?) vanishes. This condition implies that 
s never reach unity but it may be infinitely close. 
Q. i b 6 \eAt\-\-
In order that the potential ~t""" be continuous acres 
the bond axis (s~ 1),~\~,This too arises as a result of '~ .. , 
cylindrical symmetry. 
The first 
cil.\J 
as long as fu2 
l . 
term. in {1?)~-\)~, would be zero, when s--:ii>l, 
did not become infinite. It can be shown that 
this term does not become infinite until the region of the 
nucleus is reached. 
'i'hus, in the region defined by ( 18), equation (1?) for 
the Laplacian operator reduces to , 
e_l~ --e.\ [Q -f-) it~ - 4-t- .t-] ( 19) 
The resulting total differential equation, valid only 
for the region defined by s~ 1, 't1 <1, is, from (4) 
R%"--1:'-) L()_-t'-) ~.-H i]~o<~~,_ (20) 
From {18) and {16), 
S~\::::. \a._+r-\, 
R Hence, from {15) 
i'- R..l\ ~t) 
'\, - K. 
Substitution of {21) and {22) into {20) yields 
~ (&:i + ( l- - ..l \ ci>J J -~ v 3)2_ 
. · R_L ck-ct \,\o.. f2 -ro.. ) clro_ -
Since a plane of symmetry exists perpendicular 
{21) 
(22) 
( 23) 
to the 
bond axis, investigation of one-half the axis will be 
suff}cient and hence the subscripts in {23) may be eliminated 
( 19) 
From the discussion in ~ection 3, the potential near 
the nucleus should be spherically symmetric about that nucle s, 
and further out, on the bond axis, an asymmetric potential 
should appear. Equations (14) and (23) are the mathematical 
equivalents of the qualitative discussion given in ~ection 3 
Near the nucleus, (14) is valid; further out on the bmnd axi , 
(23) is valid. There should be some point, however, beyond 
which (23) is a better approximation to the true potential 
than (14) and liP to which, just the reverse is true. 
a value of r, r~ r*, shall be defined such that it is 
the point at which the foregoing requirements are met. ~uch 
a point may not exist; a region in which both equations are 
close approximations to the true potential may be the actual 
physical situation but in an approximate calculation, this is 
of no consequence. 
5. Vetermination of r* 
Let v1 be a particular solution of (14) and V2 a partic-
ular solution of (23). Intuitively, one would expect v1 (r) 
to decrease too rapidly beyond r*, corrosponding to the 
failure of (14) to recognize the presence of the other nucleu 
and its electrons. On the other hand, V2(r) does not recogniz J 
the presence of either nucleus and, consequently, would not 
be expected to rise sharply enough in the region between r* 
and the nucleus. 
Plots of V1\r) and V2(r), together with the true potenti 1, 
V(r), might resemble those shown in ligure 6. ~he existence 
of a point and the relative ositions of V 
t 
v 
F\GUR£ G, . 
. 
Po\e.N"T\A\.. F\JNC.\\0 ~~ 
respect to .the actual potential, V, and with respect to each 
other, must be regarded as an ideal limit. The curves may 
not even touch each other but a relative displacement is 
due merely to a variation in the initial conditions since, 
from a 'b.ill.:e:o:Fmll in differential equations, it is lal.own that 
the particular solu-tion of a differential equation varies 
i t . . t . 1 d • • ($
2) A continuously with the cho ce of he 1n1 1a con 1t1ons. 
small relative displacement will not affect the results 
greatly. 
At r*, it is obvious that v1 and V2 will be similar, 
moreso than at any other point in the neighborhood. Their 
slopes too will agree most closely at this point and, finall , 
the radii of curvature of V1 and V2 will be most similar her 
The fractional difference in the radii of curvature of 
the solutions of (14) and (23) should, therefore, pass 
(~I) 
through a minimum at r r*. This difference is given by 
__()_ =- ' - ~ [\ -t(V,')2.l 3/l ( 24) 
I ~\-tV~~}l3/1.. \),11 
If the initial conditions at r ~ R/2 were lal.ov..lll, a direc 
numerical solution comld be obtained for v2 and the functio -
in ( 24) evaluated. Lack of lal.owledge of V 2 and v! at r = R/2 
prevents this but does not prevent use of {24) to locate r*. 
Since r* is a point of bast match, it is not unreasonable to 
demand equality of v
1 
and v2 , as well as their first deriv-
atives, at this point, as an ideal limit. Obviously, the true 
potential is noj discontinuous. 
' ' It must be realized that setting v1~v2 , and v1:v2 , at 
r*, forces the two solutions to join at this point since we 
(20) 
have specified two conditions for each equation. '.l'he mere 
joining of the two equatmons, however, does not insure a 
unique minimum, or any minimum, in the function -n. 
Substitution of these conditions into (24) yields 
__L '..L 
~ I - '\ r - R- r ( 25 ) 
_a.:; \.J ) - 2:. _ r:1.. \J/IV. 1 . 
r / _v, . 
in which only the particular solutions of (14) are involved, 
_a._~ is a measure of _n_ only in thd region clo::;e to r::;:: r*. Its 
behavior in other regions cannot, on an a priori basis, be 
predicted, but, as will be seen, plots of (25) exhibit uniqu , 
well-defined minima ( see Figure 7). 
6, Calculations 
The numerical solution of (14) has been given, in a 
I 
dimensionless form, such that the one solution suffices for 
all atoms. Reduction to dimensionless 
(i9) 
form is accomplished 
by making the substitutions 
where 
such that 
'1 ~:::: X \)' 
fVX: ~ r 
2
13/., 4h J 'f/1 
1\ ~e ~ 
'3 ~3 ~ 2. 
?}1, ~ 2. 
(26) 
(27) 
(28) 
(29) 
Substitution of (26) into (14) yields an equation free 
of the parameters of any one atom. The numerical solution 
\ ~~ 
of this equation has been tabulated conveniently by Baker. 
(21) 
If the substitution 
\J, =, ~ ¢ 
\ =- )JJX ~ =- wl (30) 
is made, eqUation (25) reduces to 
(31) ..n...*CX) = (t + C)t) ~2)~ l~.) 
In order to makexuse o~the tabulated functions, rtYJ 
, r "\ 
and rP~ ' must satisfy 
(j):: ~ 
X (32) 
Equation (31) has been plotted for each of the six 
molecules-- Na2, K2• Cs2, 012 , Br2 , and r 2• A separate plot 
is required for each molecule since the quantity~*is a 
function of the interatomic distance, R, in the molecule. 
The curves obtained are shown in Figure 7. The minima were 
determined and the results are shown in Table 1. 
The values of x at the minimum in the curve have been 
defined as a measure of the number of perturbed electrons. 
(22) 
It is more convenient, rather than measure the p•rturbation 
in terms of distance, to measure it in terms of numbers of 
electrons perturbed. These are defined as perturbed electro s. 
The number of electrons contained within a sphere of 
radius r is given b;3~ 
\-\~= ):1\d" = ~: !\_L\\\r"'- ck- (53) 
where n ~ number density of electrons in configuration 
space, ~~ volume element in configuration space. 
Transformation of the coordinates by means of (30) 
yields 
(34) 
0/\b 
o.45 
OA4 
oA2. 
0.4l 
oAO 
038 
o .o \,0 X 2.o 
I= l L"T lJ R ~ 7 
Dt:Tt:RMINA'll0t4 o~ 
Mn.l\~A 
Table 1 1 
~X 10~ 0 x* Molecule Atomic Number R(A) 
Na2 11 2.142 3.oea a 2.18 
K.z 1.9 1.7?9 3.91° 2.84 
Cs2 55 1.248 
4.55b g 3.36 
~ 
012 1? 1.846 1.98 1.40 
Br2 35 1.451 2.280. 2.35 
I2 53 1.264 2.6fl> . 2.?8 
a Sponer, Mol!kuls~e~ren I (Julius Springer, Berl.in, 
1935) 
]) Finkelnberg & Hahn, Physik Zeits, ~' 98,(1939) 
The number of perturbed electrons, N, is equal to the 
number contained in the volume of the sphere beyond r* (or x*) 
This number is given by ~+ 
N -= l ('- ~o i -q}l~ ~)() (35) 
A plot of the function '1@12... versus x is shown in Figure 8. 
The area under the total curve is unity.~ 
For each molecule, the value of x* determined was used to 
evaluate the integral in (35). The results, in terms of N, are 
given in T~ble 2. 
7. Conclusions 
A At the outset, it should be emphasized that the quantity 
"number of perturbed electrdms" is a defined quantity and has 
been obtained from an approximate, statistical procedure and, 
therefore, no quantitative significance can be attached to it. 
Qualitative conclusions are, however, possible from the data 
obtained. 
Examination of the electron structure of the various atomf 
for the corresponding molecules of which the calculation has 
been made, imdicates that the inf luence of the bonding process 
upon an atom extends only to the shell beneath the valence . 
shell (see Table 2). Only in the case of Cs does this fail to 
hold. 
A plot of N versus atomic number yields the dotted, periocic 
curve shown in Figure 9. It is known that periodic properties 
of atoms i.e. atomic volume, compressibility, are functions of 
the state of aggregation of the substance and the nature of 
(~4) 
the bonding of the atoms; in other words, they are functions o1 
-t See Appendix 3. 
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Element 
Na 
Cs 
C1 
Br 
I 
Table 2, 
Atomic Nl.D.llber a Structure N 
l!ll 
19 
55 
17 
35 
53 
'1. ..,. '- I ls2s2p3s 
'1... l- "!-,. ~ ~ I ls2s2p<:>S~p4s 
5,73 
8.49 
l- 1. ' '\. i. l" ). (, 10 2- ' I 1s2s2p3s3p3d4s4p4d5s5pos 22.22 
l. l. " ,_ S" 1s2s2p3s3p 
'2.-,l- "-.'1. ".L«' l. ~-1SGS2p~s3p3d4s4p 
10,96 
17,54 
'\.. l- "- \. Eo .Jo l " ,o , ! l82s2p~s3p3u4s~p4d5s5p 24.12 
Jl ,, 
Pauling, The Nature Of The Chemical Bond, 2nd Ed., 
Cornell University Press, Ithaca, N,Y, (1940) Chap. I 
t ile ou\ier electrons which determine the interaction forces. 
The perturbance phenomenon should, therefore, be periodic in 
- '=1~\d 
nature. That the alkali metal atomsAappear less perturbed 
than the corrosponding halogens is reasonable since an alkal 
kernel is more stable than a halogen kernel. 
Examination of this curve reveals that the points for 
any one family fall on a straight line(the full curves in 
Figure 9). By a least squares procedure, the analytical 
expressions for both curves were obtained, The results are 
for the halogens 
(36) 
and for the alkalis 
N = L 4 7 +- o, '317 t (37) 
( 24) 
No explanation for this linearity could be found. The curves 
do1 however, enable one to compute _.the Rb2 interatomic distal ce 
1'or which no reliable data could be found at the tiDe. 
Substitution of Z = 37 for Rb yields a value of N == 15-.42. 
From a curve relating the percentage ~f perturbed electrons 
to x* and one relating x* to L, a value for the Rb2 distance 
was calculated. The value calculated was 
\i) 
R-:: 4.28 A (38) 
Comparison of the internuclear distances in the diatomic 
molecules and the corrosponding solids,for the alkali metals 1 
is shown in 'l'able 3. 'fhe calculated value for Rb2 is in 
reasonable accord with the other data. 
Extension of equations (36) and (37) to Li2 and F 
2 
yielded values for the number of perturbed electrons. For 
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Table 3f 
Molecule Distance measured in Distance between 
diatomic molecule neighbors in metal 
a 0 .. Na~J2 3.08 A 3.14 A 
~ 3.91 4.06 
Rb2 (4•28)calc 4.32 
Cs2 4.55 4.70 
* 
n ~ Sidgewick1 Chemical El.mebts and Their Compounds,Vol. I \Oxford University Press, London, l950)p. 66 
flourine, atomic number 9, 
N = 8.12 
.l!'or lithium, atomic number 3, 
1\J-:::... 2.60 
oince the number of electrons is small in both Li and 
F, an equation derived on statistical gronnds might not be 
expected to hold, especially for Li, but the results are not 
unreasonable. For the L~ molecule, it is obvious that negle3t 
of the inner shell electrons will lead to a very serious err~r 
in the binding energy since all the electrons appear to be 
involved in the bmnding. This is in agreement with the 
calculation by James for this molecule. Similar consideratiols 
should apply to the F2 molecule. 
{25) 
Appendix 
1. Preliminary experimehts on this specific arrangemeht 
for saturating nitrogen at o.o C were made by collect-
ing, in cold traps, the water picked up by a definite 
volume of nitrogen( gotten from the flow rate and the 
timel. Measurement of the weight of water and the 
volume of nitrogen enabled the partial pressure of 
water vapor to be computed. 
2. This was necessary since Vonnegut has shown that the 
temperature at which a silver iodide particle can serve 
("3) 
as a nucleus is a function of the particle size. The 
theoretical treatment by Reiss~\s in agreement with 
these facts. 
3. The integral in (33) must satisfy the condition, for an 
atom of atomic number z, 
~~ 6'f = ""l 
0 
Transformation of this integral by (30) yields 
Co::) ~ = ~ ~o x.2.. ~vl. d.)( 
(26) 
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ABSTRACT 
Part A 
An investigation of the role of Agl as a nucleus 
for the transition of supercooled water to ice has been 
carried out. It has been definitely established that 
Agi particles are able to serve as nuclei for the trans-
ition in the complete absence of supercooled ~iguid water. 
The question of the detailed mechanism of the process-
whether it is a vapor to liquid transition followed by 
freezing of the liquid, or, whether it is a direct vapor 
to solid transformation, could not be answered. It appears, 
however, from the data obtained, that the latter view is 
the more reasonable one. 
Part B 
An investigation of disturbances of inner shell electrons 
in homonuclear, diatomic mmlecules has been carried out 
using the Fermi-Thomas statistical method. The depth of 
penetration of the perturbance, defined as the point beyond 
which the distribution of electrons is no longer that of 
the isolated atom but is some newiasymmetric distribution, 
w 
was found to reach only to the shell beneath the valence 
shell. 
A plot of the "ntnnber of perturbed electrons" versus 
atomic number is periodic, with a greater perturbance 
for the halogens than for the corresponding alkalis. Fof 
either family, the points lie on a straight line, and, 
· --
from this, the Rb2 interatomic distance, which was 
unavailable at the time, was calculated. The value 
0 
found, R.::. 4.28 A, compares favorably with the "nearest 
0 
neighbor in metal" distance, R =- 4.32 A. 
